(MATHEMATICS) QUADRATIC EQUATION 


1. INTRODUCTION : 
The algebraic expression of the form ax? + bx + c, a # 0 is called a quadratic expression, 
because the highest order term in it is of second degree. Quadratic equation means, ax? + bx + 
c = 0. In general whenever one says zeroes of the expression ax? + bx + c, it implies roots of 
the equation ax? + bx + c = 0, unless specified otherwise. 
A quadratic equation has exactly two roots which may be real (equal or unequal) or imaginary. 
2. SOLUTION OF QUADRATIC EQUATION & RELATION BETWEEN ROOTS &COEFFICIENT : 
(a) the form of quadratic equation is ax? + bx +c = 0,a z 0. 
The roots can be found in following manner : 
a(x? +2x+5)=0 > (x+2) poe 2p 
This expression can be directly used to find the two roots of a quadratic equation. 
(b)  Theexpression b? — 4ac z D is called the discriminate of the quadratic equation. 
(c) If ~& are the roots of the quadratic equation ax? + bx + c = 0, then: 
(i) a + B = —b/a (ii) aß = c/a (iii) |a — B| = VD/Ia| 
(d) A quadratic equation whose roots are a&f is (x — a)(x — f) = 0 i.e. 
x? — (a + B)x + aß = 0 i.e. x? — (sum of roots )x + product of roots = 0. 
Illustration 1 : If a, f are the roots of a quadratic equation x? — 3x + 5 = 0, then the equation whose 
roots are (a? — 3a + 7) and (f? — 38 + 7) is- 


(A) x*+4x+1=0 (B) x*-4x +4=0 

(C) x? —-4x-1=0 (D)x +2x+3=0 
Solution: Since a, are the roots of equation x? — 3x +5 = 0 

So a? -3a+5=0 

p?—3g-520 

«a? — 3a = —5 

p?—382-5 

Putting in (a? — 3a + 7)&(g? — 3B + 7) 

-5 +7,-5 +7 


- 2 and 2 are the roots. 
'. The required equation is 
x? 4x - 4-0 
Illustration 2 : If a and p are the roots of ax? + bx +c = 0, find the value of 
(aa + b)? + (af + b). 


Solution : We know that a + B = — gaf = - 
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1 1 


-2 -2 — 
(2a+b)* + 2acrb)*^- arb)? + Capt? 


— a?B?+b?+2abß+a?a?+b?+2aba — a?(a?+ßB?)+2ab(a+ß)+2b? 


(a2aB+baB+baat+b2)2 (a2a--ab(a-- B)--b2)2 
(a? + B? can always be written as (a + $)? — 2a) 


b?-2ac b 
a?[(c-8)?-2ag|-2ab(a-8)-2b? — a'l "p |+2ab(-2)+2b? — b?-2ac 


(a?aB+ab(a+B)+b?)2 7 (atEtab(-2)+b2) ae? 


Alternatively : 


If a&f are roots of ax? + bx + c = 0 then, ao? + ba + c = 0 


C 
> aatb=-—-— 
a 
C 
a 
il " a? p? 
* (2a t b)? = (aß +b) ^j» 
(a--B)?— 2ag  (—b/a)?—2(c/a) b? — 2ac 
-— AMMEN M cH 


Do yourself - 1 : 


(i) Find the roots of following equations : 

(a) x*?+3x+2=0 

(b) x?-8x+16=0 

() x?-2x-1=0 

(ii) Find the roots of the equation a(x? + 1) — (a? + 1)x = 0, where a £ 0. 

(ii) Solve: 7 =24+— 

(iv) Ifthe roots of 4x? + 5k = (5k + 1)x differ by unity, then find the values of k. 
3. NATURE OF ROOTS : 


(a) Consider the quadratic equation ax? + bx + c = 0 where a, b,c € R&a + O then ; 


_—btvD 
^ 2a 


(i) D > 0 S roots are real & distinct (unequal). 


X 


(ii) D 2 0 & roots are real & coincident (equal) 


(iii) D < 0 © roots are imaginary. 


(iv) If p + iq is one root of a quadratic equation, then the other root must be the 


conjugate p — iq& vice versa. (p,q € R&i = v—1). 


(b) Consider the quadratic equation ax? + bx + c = 0 where a,b,c € Q&a + 0 then; 


(i) If D is a perfect square, then roots are rational. 
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(ii) Ifa = p + Ja is one root in this case, (where p is rational &/q is a surd) then other 


root will be p — V4. 


Illustration 3: If the coefficient of the quadratic equation are rational & the coefficient of x? is 1, then 


find the equation one of whose roots is tan s 


Solution: We know that tan E mu2c-1 
Irrational roots always occur in conjugational pairs. 
Hence if one root is (1 + V2), the other root will be (—1 — V2). Equation is 
(x — (-14+ V2))(x- (-1-V2)) =05x2+2x-1=0 
Illustration 4 : Find all the integral values of a for which the quadratic equation (x — a)(x — 10) +1 = 0 
has integral roots. 
Solution: Here the equation is x? — (a + 10)x + 10a + 1 = 0. Since integral roots will always be 
rational it means D should be a perfect square. 
From (i) D = a? — 20a + 96. 
>D = (a— 10)? — 4 > 4 = (a — 10)? — D 
If D is a perfect square it means we want difference of two perfect square as 4 which is 
possible only when (a — 10)? = 4 and D = 0. 
> (a—10) = +2 > a= 12,8 Ans. 


Do yourself - 2 : 
(i) If 2 + V3 isa root of the equation x? + bx + c = 0, where b, c € Q, find b, c. 
(ii) For the following equations, find the nature of the roots (real & distinct, real & coincident or 
imaginary). 
(a) x? — 6x- 1020 (b) x — (7 + V3)x + 6(1 + V3) = 0 (c) 4x? + 28x - 492 0 
(iii) If 2, mare real and £ + m, then show that the roots of (£ — m)x? — 5(f + m)x -2( m) = 0 


are real and unequal. 


4. ROOTS UNDER PARTICULAR CASES : 
Let the quadratic equation ax? + bx + c = 0 has real roots and 


(a) If b =0 — roots are equal in magnitude but opposite in sign 
(b) Ifc =0 => one root is zero other is —b/a 

(c) Ifa=c — roots are reciprocal to each other 

(d) If? l : j Ż : — roots are of opposite signs 

(e) i - X : x uc 2 : — both roots are negative. 


a»0, b<0,c>0 


(OE e. b>0,c<0 


— both roots are positive. 
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(g) If sign ofa a = sign of b + sign of c — Greater root in magnitude is negative. 


(h) If sign of b = sign ofc £ sign ofa > Greater root in magnitude is positive. 
(i) Ifa+b+c=0 > one root is 1 and second root is c/a or 
(—b — a)/a. 
2. = 
Illustration 5 : If equation — = — has roots equal in magnitude & opposite in sign, then the value 
of k is - 
Ay B) = c)241 D)i-1 
w B= ©; (D)? 
Solution: Let the roots are a& — a. given equation is 


(x? — bx)(k + 1) = (k — 1)(ax — c){ Considering, x £ c/a&k + —1) 
> x? (k + 1) — bx(k+ 1) = ax(k — 1) — c(k- 1) 

=> x?(k + 1) — bx(k + 1) — ax(k - 1) + c(k—1) 20 

Now sum of roots 20(-a—a-0) 


~b(k+1) ta(k-1) =0 > k = 


a+b 
Ans. (B) 
Illustration 6: If roots of the equation (a — b)x? + (c — a)* + (b — c) = 0 are equal, then a, b, care in 
(A) A.P. (B) H.P. (C) G.P. (D) none of these 


Solution: (a—b)x?+(c—a)x+(b-—c) 20 
As roots are equal so 
B? — 4AC = 0 
—2(c—-a)j-4(a—b)(b-c)-0 
> (c— a)? — 4ab + 4b? + 4ac — 4bc = 0 
> (c— a)? + 4ac — 4b(c + a) + 4b? = 0 
> (c +a)? —2-(2b)(c +a) + (2b)* = 0 
> [c+a- 2b]? =0>c+a-2b=0 
>c+a=2b 
Hence a, b, care in A. P. 
Alternative method : 
' Sum of the coefficients = 0 
Illustration 6: If roots of the equation (a — b)x? + (c — a)* + (b — c) = 0 are equal, then a, b, care in 
(A) A.P. (B) H.P. (C) G.P. (D) none of these 
Solution: (a—b)x?+(c—a)x+(b-—c) 20 


APNI kaksa | 4 


As roots are equal so 


B? — 4AC = 0 


(MATHEMATICS) QUADRATIC EQUATION 


=> (c—-a)j-4(a—b)(b-c)-0 

> (c— a)? — 4ab + 4b? + 4ac — 4bc = 0 
> (c— a)? + 4ac — 4b(c + a) + 4b? = 0 
> (c +a)? —2-(2b)(c +a) + (2b)? = 0 
> [|c+a- 2b]? =0>c+a-2b=0 
>c+a=2b 

Hence a, b, care in A. P. 

Alternative method : 


Sum of the coefficients = 0 


| c 
[2] 


Hence one root is 1 and other root is = : 


o 


Given that both roots are equal, so 


b-c 
1= mad è o + 


Hence a, b, c are in A.P. 


Ans. (A) 


Do yourself - 3 : 
(i) Consider f(x) = x? + bx + c. 
(a) Findcifx = Oisa root of f(x) = 0. 


(b)  Findcifa, Z are roots of f(x) = 0. 


(c) Comment on sign of b&c, ifa < 0 < BRIBI > |a|, where a, f are roots of f(x) = 0. 


5. IDENTITY : 
An equation which is true for every value of the variable within the domain is called an identity, 
for example : 5(a — 3) = 5a — 15, (a + b)? = a? + b? + 2ab for alla, b € R. 
Note :A quadratic equation cannot have three or more roots & if it has, it becomes an identity. If 
ax? + bx + c = 0 is an identity & a =b =c = 0 
Illustration 7 : If the equation (A? — 5A + 6)x? + (A? — 32 + 2)x + (A? — 4) = 0 has more than two 
roots, then find the value of A? 
Solution : As the equation has more than two roots so it becomes an identity. Hence 
M —5A-620 > A= 2,3 
anda? —3A+2=0> A=1,2 
and a* —4=0 => A=2,-2 
So à = Ans. = 2 
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7. COMMON ROOTS OF TWO QUADRATIC EQUATIONS : 
(a) Only one common root. 
Let a be the common root of ax? + bx + c = 0&a'x? + b'x +c’ = 0thenao? + ba + c = 
0&a'a? + b'a-c' = 0. 
i a? a a? 1 
By Cramer's Rule TE LUE 


ca'-c'la  bc'-b'c 


Therefore, a = — 
l ab'-a'b a'c-ac' 


So the condition for a common root is (ca' — c'a)? — (ab' — a'b)(bc' — b'c). 
(b)  Ifboth roots are same then = = > = 5 
Illustration 8: Find p and q such that px? + 5x + 2 = 0 and 3x? + 10x + q = 0 have both roots in 
common. 
Solution: a =p,b,; =5,c,; = 2 
a, = 3, b, = 10,c, = q 
We know that : 


aj bh G p 5 
a; b, c NEUF q 
mn 2; q=4 
Illustration 9: Find the possible value(s) of a for which the equations x? + ax + 1 = 0 and 
x? +x + a = 0 have atleast one common root. 
Solution : Let a is a common root 
then a? +aa+1=0 
&o? +a+a=0 


by Cramer's rule 


2 a 1 


=> (1—a)2 = (a— 1)(1— a) 


>a=1,-2 


Qa 


Do yourself - 4: 

(i)  Ifx? + bx + c = 0&2x? + 9x + 10 = 0 have both roots in common, find bic. 

(ii) Ifx? — 7x + 10 = 0&x* — 5x +c = 0 have a common root, find c. 

(iii) Show that x? + (a? — 2)x — 2a = 0 and x? — 3x + 2 = 0 have exactly one common root for all 


aER. 
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7. REMAINDER THEOREM : 
If we divide a polynomial f(x) by (x — a) the remainder obtained is f(a). If f(a) is 0 then 
(x — a) is a factor of f(x). 
Consider f(x) = x? — 9x? + 23x — 15 
Iff(1) = 0 > (x — 1) is a factor of f(x). 
If f(x) = (x — 2)(x? — 7x + 9) + 3. Hence f(2) = 3 is remainder when f(x) is divided by 
(x—2). 
Illustrations 10 : A polynomial in x of degree greater than three, leaves remainders 2,1 and -1 when 
divided, respectively, by (x — 1), (x + 2) and (x + 1). What will be the remainder when it 
is divided by (x — 1)(x + 2) (x + 1). 
Solution: Let required polynomial be f(x) = p(x)(x — 1)(x + 2)(x + 1) + agx? + a,x + a; By 
remainder theorem, f(1) = 2,f(—2) = 1,f(—1) = -1. 
>a) +a, +a, =2 
4a) — 2a, taz = 1 
ag —a, +a = —1 
Solving we get, ay = 2,81 = =, Ba = Z 
Remainder when f(x) is divided by (x — 1)(x + 2)(x + 1) will be =x? 2x += 
8. SOLUTION OF RATIONAL INEQUALITIES : 


Lety = w be an expression in x where f(x)&g(x) are polynomials in x. Now, if it is given that 


y > 0 (or < 0or= Oor < 0), this calls for all the values of x for which y satisfies the constraint. 
This solution set can be found by following steps : 
StepI: Factorize f(x)& g(x) and generate the form : 
(x — a4,)'1(x — az)” ...... (x — ay)Pk 
MI (x— bmx — by: .. ... (x — by) "t 
where n4n; ... ... Dy, m4, m; ....... mp are natural numbers and 
31,82 .... 8j, by, b; ....... by are real numbers. Clearly, here aj, a; ... ..... ak are roots 
of f(x) = 0&b;, bz, .... by are roots of g(x) = 0. 
Step II : Here y vanishes (becomes zero) for a4, az, ... ... ..... ay. These points are marked 


on the number line with a black dot. They are solution of y — 0. 


Ifg(x) = 0,y = ES attains an undefined form, hence b,, b; ..... by are excluded 


from the solution. These points are marked with white dots. 


(x-1)3(x+2)*(x-3)5(x+6) 


eg f(x) = ee 
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-6-20 13 7 


Step-IlI : Check the value of y for any real number greater than the right most marked 


number on the number line. If it is positive, then y is positive for all the real 


numbers greater than the right most marked number and vice versa. 


Step-IV : If the exponent of a factor is odd, then the point is called simple point and if the 


exponent of a factor is even, then the point is called double point 
(x — 1)? (x + 2)*(x — 3)? (x + 6) 

x?(x — 7)? 
Here 1,3, —6 and 7 are simple points and —2&0 are double points. From right to 
left, beginning above the number line (if y is positive in step 3 otherwise from 
below the line), a wavy curve should be drawn which passes through all the 
marked points so that when passing through a simple point, the curve intersects 
the number line and when passing through a double point, the curve remains on 
the same side of number line. 
(x — 1)? (x + 2)*(x — 3)? (x + 6) 

x?(x — 7)? 


E 37 


f(x) — 


As exponents of (x + 2) and x are even, the curve does not cross the number line. 


This method is called wavy curve method. 


Step-V : The intervals where the curve is above number line, y will be positive and the 


Note : 


(i) 


(ii) 


(iii) 


(iv) 


intervals where the curve is below the number line, y will be negative. The 
appropriate intervals are chosen in accordance with the sign of inequality & their 


union represents the solution of inequality. 


Points where denominator is zero will never be included in the answer. 

If you are asked to find the intervals where f(x) is non-negative or non-positive then 
make the intervals closed corresponding to the roots of the numerator and let it remain 
open corresponding to the roots of denominator. 

Normally we cannot cross-multiply in inequalities. But we cross multiply if we are sure 
that quantity in denominator is always positive. 


Normally we cannot square in inequalities. But we can square if we are sure that both 
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(v) We can multiply both sides with a negative number by changing the sign of inequality. 
(vi) We can add or subtract equal quantity to both sides of inequalities without changing 
the sign of inequality. 
Illustration 11: Find x such that 3x2 — 7x + 6 < 0 
Solution : D-49—7240 
As D < 0,3x? — 7x + 6 will always be positive. Hence x € d. 
Illustration 12: (x? — x — 6)(x? + 6x) 20 
Solution: (x—3)(x+2)(xX)(x+ 6) 2 0 
Consider E = x(x — 3)(x + 2)(x+ 6),E = 0 > x = 0,3, —2, —6 (all are simple points) 
—6 2 0 3 


Forxz3E— x | (55 (x + 6) 


+ve tve +ve +ve 


= positive 


Hence for x(x — 3)(x + 2)(x + 6) 2 0x € (—%, —6] u [—2,0] U [3, oo) 


(x-1)3+(x+2)4(x—3)>(x+6) 


Illustration 13 : Let f(x) = . Solve the following inequality 


x2(x-7)3 
(i) f(x) > 0 (ii) f(x) 2 0 (iii) f(x) « 0 (iv) f(x) < 0 
Solution: We mark on the number line zeros of the function : 1, —2,3 and -6 (with black and 


circles)and the points of discontinuity 0 and 7 (with white circles), isolate the double 
points : -2 and 0 


draw the wavy curve : 


From graph, we get 

(i) x € (—oo, 26) U (1,3) U (7, oo) 

(ii) x € (—oo, —6] u {—2} u [1,3] U (7, oo) 
(iii) x € (-6,—2) U (—2,0) U (0,1) U (3,7) 
(iv) x € [—6,0) u (0,1] U (3,7) 
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Do yourself - 5 : 


(i) Find range of x such that 


(a (x-2)(x-3)20 (b) = >2 
3x-1 (2x-1)(43) 2-x)(1-x)? 
(c) 4x+1 <0 (d) x*(x+6)(x—-9)(2x2+4x+9) 
7x—17 2 2 DE 
() = >21 (f) x?+2<3x< 2x -5 


9, QUADRATIC EXPRESSION AND IT'S GRAPHS : 
Consider the quadratic expression, y = ax? + bx + c,a # 0&a,b,ce R then; 


(a) The graph between x, y is always a parabola. If a > 0 then the shape of the parabola is 


Fig. 1 Fig.3 


concave upwards & 
ifa < 0 then the 
shape of the 


parabola is concave 


Roots are real & distinct Roots are coincident Roots are complex conjugate downwards. 
ax*+bx+ce>0VxE(—0,a)U (B,o) ax? +bxtc>0VxeR-{a} ax! + bxc c» 0 Vx eR 
ax! * bx c «0 V x e(a, B) ax! + bx *c- Üforx-a- p (b) The graph of y — 


ax? + bx + c can be divided in 6 broad categories which are as follows: (Let the real roots of 
quadratic equation ax? + bx + c = 0 be a&ß where a 2 f). 
Fig.4 


ED. 
Ja 4a 


Fig.6 


Roots are real & distinct Roots are coincident Roots are complex conjugate 
ax’ + bx +¢>0 V x e(a, D) ax’+bx +c « 0 V x eR-(a) ax! bx--c «0 V x eR 
ax^* bx-c«0Vxe(-oo,a)U(B,oo) ax! + bx *c-0forx-a - f 


Important Note : 

(i) The quadratic expression ax? + bx +c > 0 for each x € R > a > 0, D < 0 & vice-versa 
(Fig. 3) 

(ii) The quadratic expression ax? + bx + c < 0 for each x € R 2 a < 0,D < 0 & vice-versa 


(Fig. 6) 
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10. MAXIMUM & MINIMUM VALUES OF QUADRATIC EXPRESSIONS : 
y = ax? t bx +c: 


2 2a 
We know that y = ax? + bx + c takes following form :y = a [E t 2) _ C Tad) Which isa 
parabola. 
" e =>) 
: vertex = 5,0 
When a > 0, y will take a minimum value at vertex ; x = =, Ymin = 2 
-D 


When a < 0, y will take a maximum value at vertex; x = ik zb. 
If quadratic expression ax? + bx + c is a perfect square, then a > 0 and D = 0 
Illustration 14 : The value of the expression x? + 2bx + c will be positive for all real x if - 
(A) b? - 4c > 0 (B) b? — 4c < 0 (C)c? <b (D)b?«c 
Solution: As a > 0, so this expression will be positive if D < 0 so 4b? — 4c < 0 
b? <c Ans. (D) 


Nh 


Illustration 15: The minimum value of the expression 4x? + 2x + 1 is - 
(A) 1/4 (B) % (C) 34 (D) 1 
Solution: Sincea=4>0 


D 4(4)0)-(2? 16-4 12 


therefore its minimum value = — = 
4a 4(4) 16 16 


Illustration 16: If y = x? — 2x — 3, then find the range of y when : 


(ix€R (ii) x € [0,3] (iii) x € l-2,0) 
Solution: | We know that minimum value of y will occur at 
J'EN oe 
2a 2x1 
D  -(4*3x4 
Ymin IAN e 
(i)x ER; 
y E [—4, œ) Ans. 


(ii) x € [0,3] 
f(0) = —3,f(1) = —4, f(3) = 0 
: f(3) > f(0) 


-. y will take all the values from minimum to f(3). 
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y€[-40] Ans. 
(iii) x € [-2,0] 
This interval does not contain the minimum x value of y for x € R. 
y will take values from f(0) to f(—2) 
f(0) 2 —3 
f(-2)25 
ye[-3,] Ans. 
Illustration 17: If ax? + bx + 10 = 0 does not have real & distinct roots, find the minimum value of 
5a — b. 
Solution: Either f(x) 2 Ovx € R or f(x) € OVx E R 
-f00)=10>0>f(%)=xER 
=> f(-5) = 25a- 5b+ 10 > 0 


> 5a — b > -2 


Do yourself - 6 
(i) Findthe minimum value of: 
(a) y = x? - 2x +2 (b) y = 4x? — 16x + 15 
(ii) For following graphs of y = ax? + bx + c with a, b, c € R, comment on the sign of: 


(i)a (ii) b (iii) c (iv) D (v) a 4 g (vi) af 


(1) Q) 


(iii) Given the roots of equation ax? + bx + c = 0 are real & distinct, where a, b,c € RT, then the 
vertex of the graph will lie in which quadrant. 


(iv) Find the range of 'a' for which: 


(a) ax? + 3x + 4 > Ovx ER (b) ax? - 4x 2 < Ovx € R 
11. MAXIMUM & MINIMUM VALUES OF RATIONAL ALGEBRAIC EXPRESSIONS: 
ax? + buxo 1 a4X + b4 aX? + bx cy 


Y = ax? box +c,’ ax? + bx + C’ a,x? + box +,’ a,x + b; 


: : : a4X? *b4x4c 
Sometime we have to find range of expression of form 2———— —.. 
ask +b2x+c2 


The following procedure is used : 


` E : " = a4X?4*b4X-c4 
Step 1: Equate the given expression to y i.e. y — IT 
Step 2: By cross multiplying and simplifying, obtain a quadratic equation in x. 
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(a, — agy)x? + (b1 — b;y)x + (c4 — c2) = 0 


Step 3: Put Discriminate 2 0 and solve the inequality for possible set of values of y. 
n 
Illustration 18 : For x € R, find the set of values attainable by = a 
X“+3x+4 
2. 
Solution:  Lety-— A 
X^t3Xt4 
x*(y — 1) + 3x(y+1)+4(y-1) =0 
Case-I:y#1 


For y # 1 above equation is a quadratic equation. 
SoforxER,D20 
> 9(y + 1)? — 16(y — 1)? > 0 > 7y? — 50y +7 < 0 


> (7y- Dy -7 <0 >y e |;.7|- {3 


Case II : when y = 1 


. x^ —3x+4 
x2 43x+4 
> x*+3x+4=x* -—3x+4 


>x=0 


Hence y = 1 for real value of x. 


so range of y is B 7| 


: : : : ?43x-4 
Illustration 19: Find the values of a for which the expression ne assumes all real values for real 
values of x. 
: 243x—-4 
Solution : Let y= i 
3x—4Xx*-ta 


x?(a + 4y) + 3(1 — y)x - (4 ay) = 0 

Ifx €eR& D20 

=> 9(1— y)? + 4(a + 4y)(4 + ay) 2 0 

> (9 + 16a)y? + (4a? + 46)y + (9 + 16a) 20 

for ally € R, (9 + 16a) > 0&8D x 0 

=> (4a? + 46)? — 4(9 + 16a)(9 + 16a) € 0 7 4(a' — 8a + 7)(a? + 8a 4 16) <0 
=>a?-8a+7<0 > 1<a<7 

9+16a>0&1 <a<7 

Taking intersection, a € [1,7] 


Now, checking the boundary values of a 
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x? -3x— 4 (x — )(x * 4) 
Y= 3x-4x-1 — (x- Dx 1) 
“x#1> y#-1 
> a = 1 is not possible. 
ifa = 73 

Ix +3x—-4 (7x-4(x+1) 


A LIE ee es suben 
3x—4x?-7  (7— 4x)(x 4 1) x al 


y 


So y will assume all real values for some real values of x. 


Soa € (1,7) 


Do yourself - 7 : 
8x-4 
x242x-1 


(i) Prove that the expression cannot have values between 2 and 4, in its domain 


x242x41 
X2+2X+7 


(ii) Find the range of , where x is real 


12. LOCATION OF ROOTS: 
This article deals with an elegant approach of solving problems on quadratic equations when 
the roots are located / specified on the number line with variety of constraints : 
Consider the quadratic equation ax? + bx + c = 0 witha > 0 and let f(x) = ax? + bx + c 
Type-1 : Both roots of the quadratic equation are greater than a specific number (say d). The 


necessary and sufficient condition for this are : 


(i) D > 0; (ii) f(d) > 0; (iii) - 9 d 


d 


Note : When both roots of the quadratic equation are less than a specific number d than the 
necessary and sufficient condition will be : 

(i) D = 0; (ii) f( d) > 0; (iii) -b> <d 

Type-2: 

Both roots lie on either side of a fixed number say (d). Alternatively one root is greater than 'd' 
and other root less than ' d'or ' d' lies between the roots of the given equation. The necessary 


and sufficient condition for this are : f(d) « 0 
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Note: Consideration of discriminate is not needed. 
Type-3: 
Exactly one root lies in the interval (d, e). The necessary and sufficient condition for this are : 


f(d) -f(e) < 0 


Type-4 : 
When both roots are confined between the number d and e (d « e). The necessary and 


sufficient condition for this are: 


d e 
()D20; (ii) f(d) > 0; (iii) f(e) > 0 (iv) d < -> TA 
Tvpe-5: 
One root is greater than e and the other roots is less than d(d « e). The necessary and 


sufficient condition for this are : f(d) « 0 and f(e) « 0 


IR 


Note : If a < 0 in the quadratic equation ax? + bx + c = 0 then we divide the whole equation by 
'a', Now assume x? + 2x + - as f(x). This makes the coefficient of x? positive and hence above 


cases are applicable. 
Illustration 20 : Find the values of the parameter ' a ' for which the roots of the quadratic equation 


x? + 2(a— 1)x t a 5 = O are 


(i) real and distinct (ii) equal 

(iii) opposite in sign (iv) equal in magnitude but opposite in sign 
(v) positive (vi) negative 

(vii) greater than 3 (viii) smaller than 3 


(ix) such that both the roots lie in the interval (1,3) 

Solution: Let f(x) = x? + 2(a — 1)x + a + 5 = Ax? + Bx + C (say) 
=>A=1,B=2(a—1),C=at5. 
Also D = B? — 4AC = 4(a — 1)? — 4(a + 5) = 4(a + 1)(a — 4) 
(ij) D >0> (a+ 1)(a— 4) > 0 > a E (-0,—1)U (4, o). 
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(i)D-202(ar1)(a-4)202a--14. 

(iii) This means that 0 lies between the roots of the given equation. 

> f(0) «0andD» 0i.e.a E (—oo, — 1) U (4, œ) 

> at5«02a«-52ae€(-—o,—5). 

(iv) This means that the sum ofthe roots is zero > — 2(a— 1) = 0 and D > 0 i.e. 

a € —(—oo, —1) U (4,00)a = 1 which does not belong to (—oo, C1) U (4,07) 2 a € 0. 


(v) This implies that both the roots are greater than zero 
B C 
=> Ta D > 0> -(a-— 1) > 0,a+ 5> 0,a E (—%,-—1] u (4,0) 
> a< 1,—5 < a,a E (—%,—1] uU [4,0) > a€ (—-5,-1]. 
(vi) This implies that both the roots are less than zero 


> x 029 0,D=0>—-(a—-1) <0,a+5>0,a € (-0,—1JU (4,0) 
2a»1a»-5ae(-o,-1]|U [4,0) => a E€ [4,0). 

(vii) In this case — Z >, A.f(3) > 0 and D = 0. 

> —(a-—1)>3,7a+ 8 > 0anda € (—oo,—-1]U [4,%) 

> a< —2,a > —8/7 and a € (—oo, - 1| U [4, o0) 

Since no value of 'a' can satisfy these conditions simultaneously, there can be no value of 
a for which both the roots will be greater than 3 . 

(viii) In this case 

2 3, Af (3) > OandD 2 0 

> a» —2,a > —8/7 anda € (—oo, -1| U (4,0) > a € (-8/7, -1|U [4, o0) 
(ix) In this case 

1« =i 3, Af (1) >0,Af(3)>0,D 2.0 

> 1< —1(a-— 1) < 3,3a + 4 > 0,7a + 8 > 0,a E (—o~,—1] U [4, œ) 


8 
> —2«a«0,a»-4/3,a» -—8/7,a E (-~,—-1] U[4,0) 2a€ (-=,-1) 


Illustration 21 : Find value of k for which one root of equation x? — (k + 1)x +k? +k-—8 = 0 


Solution : 


exceeds 

2& other is less than 2. 
4—2(k+1)+k?+k-8<05k?-k-6<0 
(k-3)(k+2) «02 -2«k«3 

Taking intersection, k € (—2,3). 
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Illustration 22 : Find all possible values of a for which exactly one root of x? — (a + 1)x + 2a = 0 lies 
In interval (0,3). 
Solution: — f(0).£(3) < 0 
> 2a(9— 3(a + 1) + 2a) < 0 > 2a(—a+ 6) < 0 
>a(a—-6)>0>a<0ora>6 
Checking the extremes. 
Ifa = 0, x2 -x= 0 
x = 0,1,1 € (0,3) 
Ifa = 6, 
x? — 7x + 122 0,x = 34 But 4 € (0,3) 
Hence solution set is 
a € (—œ, 0] U (6,00) 


Do yourself - 8: 

(i) Ifa, ß are roots of 7x? + 9x — 2 = 0, find their position with respect to following (a < f): 
(a) -3 (b) 0 IE) 1 

(ii) Ifa > 1,roots of the equation (1 — a)x? + 3ax — 1 = 0 are - 


(A) one positive one negative (B) both negative 
(C) both positive (D) both non-real 

(iii) Find the set of value of a for which the roots of the equation x? — 2ax + a? + a — 3 = 0 are less 
than 3. 


(iv) Ifa, ß are the roots of x? — 3x +a = 0, ae Randa < 1 < f, then find the values of a. 
(v) Ifa, Bare roots of 4x? — 16x + A = 0,A € Rsuch that 1 < a < 2and2 < B < 3, then find the 


range of A. 


13. GENERAL QUADRATIC EXPRESSION IN TWO VARIABLES : 
f(x,y) = ax? + 2hxy + by? + 2gx + 2 fy +c may be resolved into two linear factors if; 


a h g 
A = abc + 2fgh — af? - bg? — ch? =0 OR |h b fl-0 
g f c 
Illustration 23 : If x? + 2xy + 2x + my — 3 have two linear factor then m is equal to - 
(A) 6,2 (B) —6,2 (C) 6,—2 (D) —6, -2 
Solution : Herea=1,h=1,b=0,g=1,f=m/2,c = —3 
1 1 1 
SoA=0> 1 0 m/2|-0 
1 m/2 -3 


m? m? 
>= —7 7 (-3—m/2) +m/2 =0 > -7 tm+t3=0 


> m? — 4m — 12 = 0 > m = -2,6 


Ans. (C) 
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Do yourself - 9 : 


(i) Find the value of k for which the expression x? + 2xy + ky? + 2x + k = 0 can be resolved into 


two linear factors. 


14. THEORY OF EQUATIONS : 


Let 053505, a; a, are roots of the equation, f(x) = aox” + aux" 1 + a;x ? + .an-1X + 
an = 0, where ao, aj, ........ an are constants and ag £ 0. 

f(x) = ag(x — a4)(x — a5)(x — a3) .......(x— Oy) 

^ AgXg TF a4XP 71 4-.....An-1X + an = ag(x— a4)(x — a5) .....(x— An) 


Comparing the coefficients of like powers of x, we get 


ay 
>, == 5; (say) 
0 


a us coefficient of x71 
1 coefficient of xh ` 


S2 = Lisj 00 = (DA 
0 
S3 = Yjejek jagr- 1)" = 


Sy = 44a a EDT p o. 
i ATT ao coefficient of x” 


where S, denotes the sum ofthe product of root taken k at a time. 


Quadratic equation :If a. B are the roots of the quadratic equation ax? + bx + c = 0, then 


ba +B — 2andof =£ 


a 


Cubic equation :If a. B, yare roots of a cubic equation ax? + bx? + cx + d = 0, then 
adf-v—- EM oy ya =E aires 
a a a 

Note : 

(i) If a is a root of the equation f(x) = 0, then the polynomial f(x) is exactly divisible by 
(x — a) or (x — a) is a factor of f(x) and conversely. 

(ii) Every equation of nth degree (n 2 1) has exactly n root & if the equation has more than 
n roots, it is an identity. 

(iii) Ifthe coefficients of the equation f(x) = 0 are all real and a + if is its root, then a + if is 
also a root. i.e. imaginary roots occur in conjugate pairs. 

(iv) Ifthe coefficients in the equation are all rational ġa + JB is one of its roots, then a — JB 
is also a root where a, f € Q& is not a perfect square. 


(v) If there be any two real numbers ' a' & 'b' such that f(a)&f(b) are of opposite signs, then 


f(x) = 0 must have atleast one real root between 'a' and ' b '. 
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(vi) 


Every equation f(x) — 0 of degree odd has atleast one real root ofa sign opposite to that 


of its last term. 


Illustration 24: If two roots are equal, find the roots of 4x? + 20x? — 23x +6 = 0. 


Solution : 


Let roots be a, a and B 


3 


~a- a+aB+ap= -7 > a? + 2a = -Ž &e?g = -f 


from equation (i) 


a? + 2a(—5 — 2a) = -= > a? — 10a — 4a? =-= 


> 12a? + 40a — 23 = 0 
> a=1/2,-Ž 


il 
when a — > 


20 Lig & 44— _3 
epeics-1)--i 
when a = — Z 
6 
aq — 23” ŻERA »(- 2). | . 
npe Br D. m 


3 dL al 
Hence roots of equation = 2 —6 


Illustration 25: If a, B, y are the roots of x? — px? T qx—r= 0, find: 


Solution : 


(i) Xa? (ii) a^ (B + y) + B^Cy + a) + y*(a + B) 

We know that a + f + y = p, af + By + ya = q, aßy =r 

(i) a? + B? + y? = 3aßy + (a + B + y){la + B + y)? — 3 (aß + By + ya)} 

= 3r + p(p? — 3q} = 3r + p? — 3pq 

(ii) a? (B + y) + B? (a + y) + y” (a + B) = a? (p - a) + B° (p - B) + Y° - Y) 
= p(a' + B? + y2) — 3r — p' + 3pq = p(p? — 2q) - 3r — p? + 3pq = pq — 3r 


Illustration 26: If b? < 2ac and a, b, c, d € R, then prove that ax? + bx? + cx + d = 0 has exactly one 


Solution : 


real root. 


Let a, B, y be the roots of ax? + bx? + cx +d = 0 


Thenat+B+y=—2 


a 


c 
aß By + ya ==> 
-d 
apy = — 
b? 2c  b?-2ac 


a? + B? +y? = (a+ B +y)? -2(0B + By ty) 25-7 


a2 a a2 
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> a? + BŽ + y? < 0, which is not possible if all a, f, y are real. So atleast one root is non- 
real, but complex roots occurs in pair. Hence given cubic equation has two nonreal and 


one real roots. 


Do yourself - 10 : 


(i) Leto, be two ofthe roots ofthe equation x? — px? + qx ^ r = 0. If a+ B = 0, then show that 
pq-r 

(ii) If two roots of x? + 3x? — 9x + c = 0 are equal, then find the value of c. 

(iii) Ifa, 8, ybe the roots of ax3 + bx? + cx + d = 0, then find the value of 
(a) Xo? (b) y= (c) Za? (B + y) 

15. TRANSFORMATION OF THE EQUATION : 


Let ax? + bx + c = 0 be a quadratic equation with two roots a and f. If we have to find an 
equation whose roots are f(a) and f(Q), i.e. some expression in a&, then this equation can be 
found by finding a in terms of y. Now as a satisfies given equation, put this a in terms of y 
directly in the equation. 

y = f(a) 

By transformation, a = g(y) 


a(g(y))* + b(g(y)) +c = 0 


This is the required equation in y. 


Illustration 27 : If the roots of ax? + bx + c = 0 are a and f, then find the equation whose roots are : 


22 E B 2 g2 
(3) 5,3 (b) (c) a, B 
Solution : (a) 20S put y=—= a= 


a(-2) +b(-2) ecc 05 e? - 2by + 4a=0 


Required equation is cx? — 2bx + 4a = 0 


a B 
a y 
tem see — 
pusy eg quy 
2 
ae BY PNE 
»a(2) Fb()uc 0 


> (a+c—b)y* + (-2c+b)y+c=0 

Required equation is (a + c — b)x? + (b — 2c)x +c = 0 
(c) a*, B 

puty = a? 


>a=y 
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ay + by +c=0 
b?y = a?y? + c? + 2acy 
> a^y? + (2ac - by + c? = 


Required equation is a*x? + (2ac — b?)x + c? 2 0 


Illustration 28 : If the roots of ax? + bx? + cx + d = 0 are a, B, y then find equation whose roots are 


Solution : 


EXE 3 
aß’ By’ ya 

md du S Pu — 8 
FUEL OTT d (: apy = =) 
Putx=—-—2 

a 

dy\? dy? d 
sal-Ż) +b(-—) +e(-—)+d=0 

a a a 


Required equation is d?x? — bbx? + acx — a? = 0 


Do yourself - 11 : 
(i) Ifa, ß are the roots of ax? + bx + c = 0, then find the equation whose roots are 
1 1 1 il 
(a) zg WT Ka ia 
(ii) Ifa,fareroots of x? — px + q = 0, then find the quadratic equation whose root are 
(a? — B2) (o? — 8?) and o? g? + o? g?. 


1 1 


Miscellaneous Illustrations : 


Illustrations 29: If a, B are the roots of x? + px + q = 0, and y, 6 are the roots of x? +rx+s=0, 


Solution : 


evaluate (a — y)(a — 6)(B — v)(f — 6) in terms of p, q, r and s. Deduce the condition that 
the equations have a common root. 


a, B are the roots of x? + px+q=0 


a+ p-2-pafz-qg...... (1) 
and y, 6 are the roots of x? + rx +s = 0 
yró--ryóz-s...... (2) 


Now, (a — y)(a — 8)(B — Y)(B — 9) 

= [o? — a(y + 8)  y6][B? — BCy + 8) + y6] 

= (a? + ra + s)(g? + rB +s) 

= a? B? + rag(a + 8) + r?af + sla? + B?) + sr(a + 8) + s? 

= a? B? + raß(a + B) + rag + s((a + B)? — 2aß)) + sr(a + B) + s? 
= q? — pqr + r?q + s(p? — 2q) + sr(-p) + s? 

= (q — s)? — rpq + r?q + sp? — prs 

= (q— s)? — rq(p- r) + sp(p - r) 

= (q- S) + (p —r)(sp — rq) 
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For a common root ( Let a = y or B = 6) .............. (3) 

then (a — y)(a — (B — y)(B — 6) = 0 ............ (4) 

from (3) and (4), we get 

(q— s)? + (p—r)(sp—rq) = 0 

> (q— s)? = (p— r)(rq — sp), which is the required condition. 
Illustrations 30: If (y? — 5y + 3)(x? + x + 1) < 2x for all x € R, then find the interval in which y lies. 
Solution: (y? — 5y + 3)(x? +x + 1) < 2x, XX €R 


2x 
x?-X-1 


>y*?-5y+3< 


2x =P 


x2?+x+1 — 
=> px? + (p—2)x+p=0 
(1) Since x is real, (p — 2)? — 4p? > 0 


Let 


>-2<p85 
(2) The minimum value of 2x/(x? + x + 1) is-2. 
So, y? — 5y +3 <-2>y*%-5y+5<0 


5—X5 545 
>ye( J ) 
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ANSWERS FOR DO YOURSELF 
1. (i) (al-1-2;  (b)4; ()1XV2; (as (iii) 7 (iv) 3,-- 
2. (i) b= —4,c=1 (ii) (a)imaginary; (b) real 8 distinct ; (c) real & coincident 
3. (i) (a) c = 0; (b)c=1 (c) b > negative, c > negative 
4 — (übzc-5; (ii) c = 0,6 
5. ( (a) x € (=%, —3] U [2, o9); (b)x€(-2,-1); (9(-5;) 


(d) x e(-6,-3)U (2,2)-(1)U (9,0) (9[37] — (06 
6.  (i)(a)1(b)-1 (ii) (1) (i) a < 0(ii) b < O(iii) c < 0 (iv) D> 0 (v) a + B < 0 (vi) aß > 0 
(2) (i) a < 0(ii) b > 0 (iii) c = 0 (iv) D > 0 (v) a + B > 0 (vi) aß = 0 
(3) (i) a < 0 (ii) b = 0 (iii) c = 0 (iv) D = 0 (v) a + B = 0 (vi) aß = 0 
(iii) Third quadrant 


(iv) (a) a > 9/16 (b)a< 2 
y? (ii) least value — 0, greatest value — 1. 
8. (i) -3 <a<0<6 < 1;(ii) G; (iii) a < 2; (iv)a < 2(v) 12 « A < 16 
9. (i) 0,2 


10.  (ii)—27,5 (iii) (a) Ẹ (b? — ac) (b) —< (c) (Bad — bc) 
11.  (i)(a)c?y? + y(2ac — b?) + a? = 0; (b) acx? — bx + 1 = 0; (c) acx? + (a + c)bx + (a + c)? = 0 
(ii) x? — p(p* — 5p*q + 5q')x + p'q'(p' — 4q)(p* — q) = 0 
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EXERCISE - 1 
1. If the roots of the equation 6x? — 7x + k = 0 are rational, then k is equal to- 
(A) -1 (B) —1, -2 (C) -2 (D) 12 
2. If the equation x? — m(2x — 8) — 15 = 0 has equal roots, then m = 
(A) 3, —5 (B) —3,5 (C) 3,5 (D) -3,—5 
3. If a, B are roots of the equation ax? — bx — c = 0, then a? — af + f? is equal to- 
(ay ee (B) m (o) (p) s 
4. The roots of the equation ax? + bx + c = 0 will be imaginary if- 
(A)a>0,b=0,c<0 (B)a>0,b=0,c>0' 
(C)a=0,b>0,c>0 (D)a>0,b>0,c=0 
5. If a, B are roots of the equation x? + px + q = 0, then the equation whose roots are = 7 will be 
(A) x? —qx+p=0 (B) x' + px+q=0 
(C) x* —px-—q=0 (D) qx? + px+q=0 
6. If p, q are the roots of equation x? + px + q = 0, then value of p must be equal to- 
(A) 0,1 (B) 1 (C) 2 (D) 0,—1 
7. If a, B are the roots of the equation a? + bx + c = 0, then "m + £ is equal to - 
(A) = (B) o): (D) -= 
8. If the roots of the equation ax? + x + b = 0 be real and different, then the roots of the equation 
x? — 4Vabx + 1 = 0 will be- 
(A) Rational (B) Irrational (C) Real (D) Imaginary 
9. If a and f are roots of x? — 2x + 3 = 0, then the equation whose roots are m and "m will be- 
(A) 3x? -2x-1-20 (B) 3x* + 2x+1=0 
(C)3x? —-2x+1=0 (D) x? -3x+1=0 


10. If a, B are the roots of the equation x? — 3x + 1 = 0, then the equation with roots —, = will 


be- 
(A) x? -x-1=0 (B) x*?+x-1=0 
(C) x? +x+2=0 (D) None of these 


x- 


11. The least integral value a of x such that —— > 0, satisfies 


5x 
(A) a2 —-7a+6=0 (B) a? +3a—4=0 


(C) a? +5a—-—6=0 (D) a? —5a+4=0 
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12. Ifthe product of the roots of the equation x? — 3kx + 2e?!°8 k — 1 = 0 is 7, then the roots of the 
equation are real if k equals- 
(A) 1 (B)2 (C) -2 (D) pm 2 


13.  Ifaand ß are roots of the equation x? + px + T = 0, such that |a — ff = v10, then p belongs to 


the set :- 
14. Ifp and q are non-zero real numbers and a? + f? = —p, aß = q, then a quadratic equation 
2 2 
whose roots are E E is - 
Bo a 
(A) qx? + px + q? = 0 (B) px? + qx + p? = 0 
(C) qx? — px + qd = (D) px? - qx + p? = 
2. = 
15. Ifthe equation — = 2 has roots equal in magnitude but opposite in sign, then m is equal to - 
+b -b b- 
(A) = (B) = (C) — (D) None of these 


16. For what value of a the curve y = x? + ax + 25 touches the x-axis - 

(A) 0 (B) pm 5 (C) pm 10 (D) none 
17. The expression a?x? + bx + 1 will be positive for all x € R if- 

(A) b? > 4a? (B) b? « 4a? (C) 4b? » a? (D) 4b? < a? 
18. The adjoining figure shows the graph of y = ax? + bx + c. Then - 


(A)a>0 (B)b>0,c>0 (C)c>0,b<0 (D) b? < 4ac 
19. — Ifboththeroots ofthe equations k(6x? + 3) + rx + 2x? — 1 = Oand6k(2x? + 1) + px + 4x? -2=0 


are common, then 2r — p is equal to- 


(A) 1 (B) -1 (C) 2 (D) 0 

20. All possible values of a, so that 6 lies between the roots of the equation x? + 2(a - 3)x +9 = 0 
(A) (—%, —2) U (2, v) (B) (—00, 23/4) 
(C) (2,00) (D)none of these 
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EXERCISE - 2 
1. If a, B are roots of the equation x? — px + q = 0, then find the value of 
(i) a? (a?B^* — B) + B^(B^o* — a) (ii) (æ — p) * + (B — p) *. 
2. Find the value of a for which one root of the equation x? + (2a — 1)x + a? + 2 = 0 is twice as 
large as the other. 
3. Find a such that one of the roots of the equation x? — Tx + a = Qis the square of the other. 
4. Find k in the equation 5x? — kx + 1 = 0 such that the difference between the roots of the 
equation is unity. 
5. Find b in the equation 5x? + bx — 28 = 0 if the roots x, and x; of the equation are related as 


5x, + 2x2 = 1 and bis an integer. 
Find the values of the coefficient a for which the curve y = x? + ax + 25 touches the OX axis. 
For what values of p does the vertex of the parabola y = x* + 2px + 13 lie at a distance of 5 


from the origin? 


8. If x4, x; are the roots of ax? + bx + c = 0, then find the value of 
(i) (ax, + b) ? + (ax, + b)? (ii) (ax, + b)? + (ax; + b) 3. 
9. a, B are the roots of the equation K(x? — x) +x + 5 = 0. If K,& K, are the two values of K for 


which the roots a, f are connected by the relation (a/f) + (B/a) = 4/5.Find the value of 
(K1/K2) + (K2/K;). 
10. Ifa, ß are the roots of ax? + bx + c = 0, (a £ 0) and a + 6, B + 6 are the roots of 


?—4ac _ B?-4ac 
= 


Ax? +Bx+C =0, (A £ 0) for some constant 6, then prove that, p 


11. (a) Ifa, f are the roots of the quadratic equation ax? + bx + c = 0 then which of the following 
expressions in a, B will denote the symmetric functions of roots. Give proper reasoning. 
(i) f(a, B) = o^ - B (ii) f(a, B) = o^ B + ap? 
(iii) f(a, B) = In s (iv) f(a, B) = cos (a — f) 
(b) If a, f are the roots of the equation x? — px + q = 0, then find the quadratic equation the 
roots of which are (a? — 82?) (o? — 8?) &o? B? + a? ?. 


12.  Solvefollowing Inequalities over the set of real numbers - 


() 7*9 EPE -9  (u)xt-2x2-63«0 (iv) itik 
MÝ — (y) " «2 nco — (vii) 2 291 2 0 
(ix) — < — g 9? -9 (xi) Econ - (a) E 242 

Gil) eras o Gi <4 — (m) ce 20 
(xvi) * t AX si ii) —— « — (xviii) — 4 — >- 
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13. 


14. 
15. 


16. 
17. 


18. 
19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


(x-2)(x-4)(x-7) 
(xix) (x- Ts 4) tA At 190 ( ) (X+2)(x+4)(x+7) 


(xxi) (x? germ <0 


2_2x 


Find integral values of k for which the quadratic equation (k — 12)x? + 2(k — 12)x +2 = 0 
possess no real roots? 

For what values of k is the inequality x? — (k — 3)x — k + 6 > 0 valid for all real x ? 

Find all values of p for which the roots of the equation (p — 3)x? — 2px + 5p = 0 are real and 
positive. 

Find all values of a for which the inequality (a + 4)x? — 2ax + 2a — 6 < 0 is satisfied for all x € R 
For what values of a do the graphs of the functions y = 2ax + 1 and y = (a — 6)x? — 2 not 


intersect? 


ax?+2(a+1)x+9a+4 . 


Find the range of values of a, such that f(x) = eT 


is always negative. 


Let the quadratic equation x? + 3x — k = 0 has roots a, b and x? + 3x — 10 = 0 has roots c, d 
such that modulus of difference of the roots of the first equation is equal to twice the modulus 
of the difference of the roots of the second equation. If the value of ' k ' can be expressed as 
rational number in the lowest form as mn then find the value of (m + n). 

Find the value of m for which the quadratic equations x? — 11x + m = 0 and x? — 14x + 2m = 0 
may have common root. 

If the quadratic equations x? + bx + ca = 0&x? + cx + ab = 0 (wherea 7 0) have a common 
root, prove that the equation containing their other root is x? + ax + bc = 0. 

Consider the quadratic polynomial f(x) = x? — 4ax + 5a? — 6a 

(a) Find the smallest positive integral value of 'a' for which f(x) positive for every real x. 

(b) Find the largest distance between the roots of the equation f(x) = 0 


(c) Find the set of values of 'a' for which range of f(x) is l-8, ©) 


2x2 4+2x+3 


We call'p'a good number if the inequality a 


< pis satisfied for any real x. Find the 


smallest integral good number. 


a D 


Let a, f and y are the roots of the cubic x? — 3x? + 1 = 0. Find a cubic whose roots dem rur 


and- ; Hence or otherwise find the value of (a — 2)(B — 2)(y — 2). 


B 1 
If x be real, then prove that z z must lie between 1 and — "E 


for real values of x. 


Find the greatest value of — 
2X“+3x+6 


For what values of m will the expression y* + 2xy + 2x + my — 3 be capable of resolution into 
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28.  Ifxandyare two real quantities connected by the equation 

Ox? + 2xy + y? — 92x — 20y + 244 = 0,then will x lie between 3 and 6 and y between 1 and 10. 
29. Find the complete set of real values of' a ' for which both roots of the quadratic equation 

(a? — 6a + 5)x? — Va? + 2ax + (6a — a? — 8) = O lie on either side of the origin. 
30. Find all the values of the parameter 'a' for which both roots of the quadratic equation 


x? — ax + 2 = 0 belong to the interval (0,3). 
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EXERCISE - 3 

1. If value ofa for which the sum of the squares of the roots of the equation x? — (a — 2)x — a — 1 = 0 as 
sum the least value is- [AIEEE-2005] 
(A) 2 (B)3 (C) 0 (D) 1 

2. If the roots of the equation x? — bx + c = 0 be two consecutive integers, then b? — 4 cequals- 
(A) 1 (B)2 (C) 3 (D) -2 [AIEEE-2005] 

3. If both the roots of the quadratic equation x? — 2kx + k? +k — 5 = Oare less than 5, then k 
lies in the interval- [AIEEE-2005] 
(A) [45] (B) (~~, 4) (C) (6,00) (D) (5,6) 

4. All the values of m for which both roots of the equation x? — 2mx + m? — 1 = 0 are greater 
than2 but less than 4, lie in the interval- [AIEEE-2006] 
(A)-1« m «3 (B)1<m<4 (C)-2<m<0 (D)m>3 

5. If the roots of the quadratic equation x? + px + q = 0 are tan 30° and tan 15^, respectively 
then the value of 2 + q — p is- [AIEEE-2006] 
(A) 0 (B) 1 (C) 2 (D) 3 

6. If x is real, then maximum value MA is- [AIEEE-2006] 
(A)1 (B) > O: (D) 41 

7. If the difference between the roots of the equation x? + ax + 1 = 0 is less than V5, then the 
setoff possible values of a is [AIEEE-2007] 
(A) (73,09) (B)(3, 00) (C) (-9,-3) (D) (73,3) 

8. The quadratic equations x? — 6x + a = 0 and x? — cx + 6 = 0 have one root in common. The 


other roots of the first and second equations are integers in the ratio 4: 3. Then the common 


root is [AIEEE-2008] 
(A) 1 (B)4 (€) 3 (D)2 

9. If the roots of the equation bx? + cx + a = 0 be imaginary, then for all real values of x, the 
expression 3b?x? + 6bcx + 2c? is :- [AIEEE-2009] 
(A) Greater than —4ab (B) Less than —4ab 
(C) Greater than 4ab (D) Less than 4ab 

10. Letfora#a, # O,f(x) = ax? + bx + c, g(x) = ax? + bx + c4 and p(x) = f(x) — g(x). If p(x) = 
0 only for x = —1 and p(—2) = 2, then the value of p(B) is: [AIEEE-2011] 
(A) 18 (B) 3 (09 (D) 6 


APNI KAKSHA | 29 


(MATHEMATICS) QUADRATIC EQUATION 


11. Sachin and Rahul attempted to solve a quadratic equation. Sachin made a mistake in writing 


down the constant term and ended up in roots (4,3). Rahul made a mistake in writing down 


coefficient of x to get roots (3,2). The correct roots of equation are: [AIEEE-2011] 
(A) —4, -3 (B) 61 (C) 4,3 (D) —6,—1 

12. The equation eS!" * — e^5in x — 4 = Q has: [AIEEE-2012] 
(A) exactly four real roots. (B) infinite number of real roots. 
(C) no real roots. (D) exactly one real root. 


13. If the equations x? + 2x +3 = 0 and ax? + bx + c = 0, a, b, c € R, have a common root, then 


a: b:cis: [JEE-MAIN-2013] 
(A) 1:2:3 (B) 3:2:1 (C) 1:3:2 (D) 3:1:2 
14.  Letaand be the roots of equation x? — 6x — 2 = 0. Ifa, = a? — f", for n > 1, then the value 
of #2 is equal to : [JEE-MAIN-2015] 
9 
(A) 3 (B) -3 (C) 6 (D) -6 


15. The sum ofall real values of x satisfying the equation (x? — 5x + 5)*?4* = 1 is :- 
[JEE-MAIN-2016] 
(A) 5 (B) 3 (C) -4 (D) 6 
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EXERCISE - 4 
1. Find the range of values oft for which 2sin t — xus t€ [- E :). [JEE 2005 (Mains), 2] 
3x^—2x-1 2 2 
2. (a) Let a, b, c be the sides of a triangle. No two of them are equal and A € R. If the roots of the 
equation x? + 2(a + b + c)x + 3A(ab + bc + ca) = 0 are real, then [JEE 2006, 3] 
4 5 15 4 5 
(4)A < É (B)A>= (4 € (53) (D)A € (5,2) 


(b) If roots of the equation x? — 10cx — 11d = 0 area, b and those of x? — 10ax — 11b = 0 are 
c,d, then find the value of a + b + c + d. (a, b cand d are distinct numbers) [JEE 2006, 6] 
3. (a) Let a, B be the roots of the equation x? — px + r = 0 and a/2,2f be the roots of the equation 


x? — qx +r = 0. Then the value of' r' is 


(A) = (p - 4)(24 — p) (B) =(q — p)(2p - 9) 
(C) (a — 2p)Qa -= p) (D); (2p - Dq- p) 
MATCH THE COLUMN : 

x?—6x45 


(b) Let f(x) = 


x2—5x-6 


Match the expressions / statements in Column I with expressions / statements in Column II. 


ColumnI Column II 
(A) If 1 < x < 1, then f(x) satisfies (P) 0< f(x) «1 
(B) If 1 < x < 2, the f(x) satisfies (Q) f(x) « 0 
(C) If 3 € x < 5, then f(x) satisfies (R) f(x) > 0 
(D) If x > 5, then f(x) satisfies (S) f(x) « 1 [JEE 2007, 3(+6)] 
ASSERTION & REASON : 
4. Let a, b, c, p, q be real numbers. Suppose a, f are the roots of the equation x? + 2px + q = 0 


and a, 1/f are the roots of the equation ax? + 2bx + c = 0, where f? € (—1,0,1) 

STATEMENT-1 : (p? — q)(b? — ac) 2 0 and 

STATEMENT-2 bb z pa or c # qa 

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for 
Statement-1 

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for 
Statement-1 

(C) Statement-1 is True, Statement-2 is False 

(D) Statement-1 is False, Statement-2 is True [JEE 2008, 3(—1)] 

5. The smallest value ofk, for which both the roots of the equation, x? — 8kx + 16(k? - k - 1) 2 0 
are real, distinct and have values at least 4 , is [JEE 2009, 4(—1)] 
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6. Let p and q be real numbers such that p + 0, p? # q and p? z —q. If a and f are non zero 
complex numbers satisfying a + B = —p and a? + f? = q, then a quadratic equation having $ 
and £ as İts roots is [JEE 2010,3] 


(A) (p? + gx? — (p' + 2q)x + (p +q) 20 
(B) (p? + q)x* - (p? - 2q)x + (p? +q) = 0 
(C) (p? — q)x? - Gp? — 2q)x + (p° - q) = 0 
(D) (p? - q)x? - Gp? + 2q)x + (p - q) = 0 


7. Let a and f be the roots of x? — 6x — 2 = 0, witha > f. Ifan = a? — B" for n 2 1, then the value 
of 10s is [JEE 2011] 
(A) 1 (B) 2 (C) 3 (D) 4 
8. A value of b for which the equations 
x? +bx—-1=0 
x? -xtbz0 


have one root in common is - 
(A) -/2 (B) —iv3 (C) iV5 (D /2 . [JEE2011] 

9. Let S be the set of all non-zero numbers a such that the quadratic equation ax? — x + a = 0 has 
two distinct real roots x, and x; satisfying the inequality Ix, — x2| < 1. Which of the following 


intervals is(are) a subset(s) of S ? 


1 1 1 1 1 1 
a(r- @(-z0) (og) D) (ie) 
10. Let x « 0 2 = Suppose a, and fj, are the roots of the equation x? — 2xsec 8+ 1 = 0 and 


a; and fi; are the roots of the equation x? + 2xtan 0 — 1 = 0.Ifa, > f, and a; > f; thena, + fi; 
equals [JEE 2016, 3,-1] 

(A) 2(sec 0 — tan 0)(B) 2sec 0 

(C) —2tan 0 (D) 0 

Paragraph for Q.No. 11 to 12 

Let p, q, be integers and let a, B be the roots of the equation, x? — x — 1 = 0, where a £ fl. For 
n = 0,1,2,...,leta, = pa? + qp”. 

FACT :If a and b are rational numbers and a + bv5 = 0, then a = 0 = b. 


11. Ifa, = 28, then p + 2q = [JEE 2017, 3M, 0] 
(A) 12 (B) 14 (C) 21 (D) 7 

12. ay= [JEE 2017, 3M, 0] 
(A) 2a44 + a10 (B) a11 — a10 (C) a11 + 2a10 (D) a11 + a10 
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EXERCISE - 5 
1. The graph of curve x? 2 3x — y — 2 is strictly below the line y — k, then - 
(A)-2<k<4  (Bk»: (C)k == (D)k <-1ork>0 
2. Ifat+b+c> - and quadratic equation ax? + 2bx — 5c = 0 has non-real roots, then- 
(A)a>0,c>0 (B)a>0,c<0 (C)a<0,c<0 (D)a<0,c>0 
3. Ramesh and Mahesh solve a quadratic equation. Ramesh reads its constant term wrongly and 


finds its roots as 8 and 2 where as Mahesh reads the coefficient of x wrongly and finds its roots 
as-11 and 1. The correct roots of the equation are 
(A) 11,1 (B) —11,1 (C) 11,—1 (D) None of these 

4. The set of values of K for which both the roots of the equation 4x? — 20Kx + (25 K? + 15 K — 66) = 0, 


are less than 2, is given by- 


(A) (2, 00) (B) (4/5,2) (€) (—~, - 1) (D) None of these 

5. Let P(x) = kx? + 2k?x? + k?. Find the sum of all real numbers k for which x — 2 is a factor of 
P(x). 
(A) 4 (B)8 (C) -4 (D) -8 


More than one correct : 


6. If f(x) = x? + bx + cand f(2 + t) = f(2 — t) for all real numbers t, then which of the following is 


true? 
(A) f(1) « f(2) « f(3) (B) f(2) « f(1) « f(4) 
(C) f(2) < f(4) < f(1) (D) f(2.1) « f(1.5) « f(3) 
7. For x € [1,5], y = x? — 5x + 3 has- 
(A) least value = —1.5 (B) greatest value = 3 
(C) least value = —3.25 (D) greatest value = a“ 
8. Graph of y = ax? + bx + cis given adjacently. What conclusions can be drawn from this graph - 
Vertex 
(A)a>0 (B)b<0 (C)c <0 (D) b? — 4ac > 0 


9. The graph of quadratic polynomial f(x) = ax? + bx + c is shown below. 


y 


Which of the following are correct? 


(A)E<-1 (B) IB- al > 2 (C) f(x) > OVx E (0,8)  (D)abc<0 
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10.  IfSisthe set of all real x such that (2x — 1)/(2x? + 3x? + x) is positive, then S contains 
(A) (-~,—3/2) (B) (=3/2, -1/4  (C)(71/41/2) (D) (+1/2,3) 

11. Ifthe quadratic equation ax? + bx + c = 0(a > 0)hhas? 0 and cosec? 0 as its roots then which 
of the following must hold good? 
(A)b+c=0 (B) b? — 4ac > 0 (C) c 2 4a (D)4a-b20 

12. The graph of a quadratic polynomial y = ax? + bx + c(a, b, c € R) with vertex on y-axis is as 


shown in the figure. Then which one of the following statement is CORRECT? 


(A) Product of the roots of the corresponding quadratic equation is positive. 

(B) Discriminate of the quadratic equation is negative. 

(C) Nothing definite can be said about the sum of the roots, whether positive, negative or zero. 
(D) Both roots of the quadratic equation y — 0 are purely imaginary. 

Comprehension Type : 

Graph of f(x) = ax? + bx + cis shown adjacently, for which A(AB) = 2, A(AC) = 3and b? — 
4ac — —4. 


On the basis of above information's, answer the following questions : 


13. The value ofa +b + cis equal to - 


(A) 7 (B) 8 (C) 9 (D) 10 

14. The quadratic equation with rational coefficients whose one of the roots is b + va + c, is - 
(A) x? -6x+2=0 (B) x? -6x-1=0 
(C) x? +6x+2=0 (D) x* +6x-1=0 


15. Range of g(x) = (a + =) x? + (b + 2)x — (c — 3 when x € [—4,0] is - 


49 
a 


(A)[-10,-6] — (B)[-S,-10] | ([-,-4 (D) |- 
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10. 


11. 


12. 


13. 


EXERCISE - 6 
Let a, b be arbitrary real numbers. Find the smallest natural number 'b' for which the equation 
x? + 2(a+ b)x + (a — b + 8) = 0 has unequal real roots for all a € R. 
If the quadratic equations, x? + bx + c = 0 and bx? + cx + 1 = 0 have a common root then 
prove that either b + c + 1 = 0 or b? +c? c 12 bct bec. 
Let P(x) = 4x? + 6x + 4 and Q(y) = 4y? — 12y + 25. Find the unique pair of real numbers 
(x, y) that satisfy P(x) - Q(y) = 28. 
Find the product of the real roots of the equation, x? + 18x + 30 = 2Vx? + 18x + 45 
Find the values of' a ' for which —3 < [(x? + ax — 2)/(x? + x + 1)] < 2 is valid for all real x. 


xis z 1 1 1 
If a & b are positive numbers, prove that the equation fo dert 0 has two real roots, one 


between a/3&2a/3 and the other between —2b/3& — b/3. 

When y? + my + 2 is divided by (y — 1) then the quotient is f(y) and the remainder is R,. When 
y? + my +2 is divided by (y + 1) then quotient is g(y) and the remainder is R;. If R, = R; then 
find the value of m. 

If the roots of x? — ax + b = 0 are real & differ by a quantity which is less than c(c > 0), prove 
that b lies between (1/4) (a? — c?)&(1/4)a?. 

Let x? + y? - xy + 1 2 a(x * y)Vx y ER. Find the possible integer(s) in the range of a. 

If roots of the equation (x — a)(x — 4+ B) +(kK—2+a)(x+ 2 — B) = Oare p and q then find 
the absolute value of the sum of the roots ofthe equations 2(x — p)(x — q) — (x— a)(x—- 4 + 
8)-0and2(x- p)(x— q) — (x-2-* e)(x 2-— B) =0. 

Suppose a cubic polynomial f(x) = x? + px? + qx + 72 is divisible by both x? + ax + band x? + 
bx + a (where a, b, p, q are constants and a £ b ). Find the sum ofthe squares of the roots of the 
cubic polynomial. 

At what values of ' a ' do all the zeroes of the function, f(x) = (a — 2)x? + 2ax + a + 3 lie on the 
interval (—2,1) ? 

Let a, f, y be distinct real numbers such that 

aa? + ba + c = (sin 0)o? + (cos 0)a 

ap? + bB + c = (sin 9)fŻ + (cos )B 

ay? + by + c = (sin 0)y? + (cos 0)y 

(where a, b, ce R) 


a? b? 


(a) Find the maximum value of the expression —————— 
a? 3ab-4 5b? 


(b) If V, = af + bj + ck makes an angle : with V = î + Î + v2k, then find the number of values 
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2 
E1237 is [-5,4],a, b € N, then find the value of (a? + b?) 
X“+2x+3 


CREE 


14.  Iftherange ofthe function f(x) — 


15. Fin the minimum value of 


16. Given x,y € R, x? + y? > 0. If the maximum and minimum value of the expression 


x? xy? 


= Paysage Ue M and m, and A denotes the average value of M and m, compute (2007)A. 
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ANSWER KEY 

EXERCISE - 1 
1 2 C 3 4 B 5. B 6 7 D 
8 9 C 10 11 C 12. B 13 D 14 


15. B 16. C 17. B 18. B 19. D 20. 


EXERCISE - 2 
1: (i) PAPI" a) — =) ë aD PC US) 2. asad 3, a eZ 
4.  k=+3V5 5. b--13 6. a=+10 
7. (l-4-334) 8: (Ii aay PLR Sed) 
9. 254 
11. (a) (ii) and (iv); (b) x? — p(p* — 5p*q + 5q*)x + p*q?(p? — 4q)(p? — q) = 0 
12. Solve following Inequalities over the set of real numbers - 

(i) (73,1) (ii) (~%, —2) U (—2, 71) U (1,400) 

(iii) [-3,3] (iv) (-00,0) U (3, +00) 

(v) (—,3) U (4,400) (vi) (—eo, +00) 

(vii) (—1,5) (viii) [1,3] U (5, +00) 

(ix) (—9/2, —2) U (3, +00) (x) (-1,1) U (4,6) 

(xi) (1/2,3) (xii) (—1,0) U (0,1) 

(xiii) [-V2, —1) U (—1, V2] u (3,4) (xiv) (—oo, —V7/2) U (-1,V7/2) U (4/3, +0) 

(xv) (—oo, 22] u (41,4) (xvi) (—%, —5) U (1,2) U (6, +00) 

(xvii) (—oo, —3) U (—2,3) (xviii) (—V2, 0) U (1, VZ) U (2, +00) 


(xix) (—9o, —2) U (—1,3) U (4, +0) (xx) (—%, —7) U (-4, 2) 
(xxi) (—oo, - 1] u (0,1] U (2,3) 

13. k=13 

14. (-3,5) 

15. For all p € [3,2 

16.  Foralla € (—~, —6) 

17.  Foralla € (—6,3) 


18. at (7e. -i) 


2 
19.  19120.00r24 


22.  (3)7,,(b)6,(c) 2or4 
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23. 4 
24. 3y? — 9y? — 3y + 1 = 0; (a — 2)(B —2)(y-2) 23 
26. i 

3 
27. -2 
29. (—00, —2] U [0,1) U (2,4) U (5,00)30. 2/2 < a < = 


30. 2/2 <a< — 


EXERCISE - 3 
A 3 B 4 A 5 D 6 D 7. D 
8 9. A 10 11. B 12 13 14 
15. 
EXERCISE - 4 
i. quus] 
2. (ajA; (b) 1210 
(a)D; (b) (A) PRS; (B) QS; (C) QS; (D) P,R, S 
4 B 5 2 6 B 7 C 5. B 9% AD 10 C 
11. A 12 D 
EXERCISE - 5 
B 2 B 3 C 4&4 C 5. D 6 BD 7. BC 


8. ABCD 9. ABCD 10. AD 11. ABC 12. ABD 13. OD 14. A 
15. C 


EXERCISE - 6 
1 5 3 (-ij) 4 20 5. -2<a<1 7% 0 9 -101 
10. 4 11 146 12. (-e,-i)u {2} u (56) 
13. (a)2,(b)3 14. 277 15. Ymn=6 16. 1338 
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